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Table 1 Closed-loop poles for Rr = 1.0 (r = 1,2,3)

Case 1 Case 2 Case 3

- 0.6199 ± /1.0057
- 0.6921 ± /1. 8436
- 0.7037 ± 13.6792

± /6.3165
± '/9.8696
±114.2122
±119.3444
±05.2662

- 0.6200 ± / 1.0056
- 0.6936 ± /1. 8430
-0.71 12 ± /3.6778
- 0.023 1± 1 6.3 168
- 0.0562 ± /9.8704
-0.1 162 ±/14.2146
- 0.2148 ±/19.3504
- 0.3360 ±£25.2453

- 0.621 1± il. 0050
- 0.7076 ± /1.8382
- 0.7815 ± 13.6676
- 0.2248 ± 16.3379
- 0.5643 ± /9.94S5
-1.1630 ±/14.4489
-1.8443 ±i20.4288
-3. 9635 ±£2.6735-

250.4, and 252.3 corresponding to cases 1, 2, and 3, respec-
tively. Hence, damping may enhance or degrade control
system performance depending on the value of the gains. As
the gains increase, larger amounts of energy are transferred
back and forth between the controlled and uncontrolled
modes, which are coupled due to the presence of damping.
This effect is known as control spillover. However, we also
conclude that the damping does not alter control system per-
formance significantly.

Conclusions
Quite often, control system design is based on the un-

damped self-adjoint distributed structure. Inherent structural
damping tends to destroy the self-adjointness of the structure
and can degrade control system performance. However,
depending on the control system design, the effect of small
damping can be negligible. Indeed, when control is designed
by the independent modal space control method (IMSC), the
perturbation in the closed-loop poles due to small damping
does not cause a dramatic shift in the closed-loop poles nor
does it change the control system performance very much. The
sensitivity study presented here for IMSC indicates that damp-
ing shifts the actual closed-loop poles to the left of the mod-
eled closed-loop poles in the complex plane. Moreover, in the
case of IMSC, the presence of small damping in the actual
distributed structure does not affect the control system perfor-
mance significantly.
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I. Introduction
I7ARIABLE structure systems (VSS), especially those with
T a sliding mode, have generated considerable interest re-
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cently in control-theory applications due to the benefits
achieved: good robustness, disturbance rejection, model re-
duction, and possible linearization through the control. This
control scheme has been applied in chemical and industrial
processes, flight control, spacecraft attitude control, robotics,
and motor control.1'4 More information and a literature sur-
vey may be found in the papers by Utkin.1'5

The use of VSS has been previously limited to systems with
full-state feedback. In practice, however, full measurement of
the state vector is either not possible or not feasible. Instead,
only certain outputs are measured. Recently, asymptotic ob-
servers have been used in VSS to reconstruct the state vector
for estimated state feedback.6'7 This adds dynamics to the
compensator, which increases the complexity in the implemen-
tation. In fact, it may be physically unrealizable for a large-or-
der system. Also, convergence to the sliding manifold is
asymptotic as t — + oo, and so the in variance properties found
with state feedback do not strictly hold. Even if the states are
all measurable, implementation with state feedback is neces-
sarily complex, requiring many feedback loops. The purpose
of this Note is to introduce output feedback as an alternative
to state feedback and to estimated state feedback for simplifi-
cation of control-system implementation.

Output feedback used in linear systems has generated much
interest in the last 20 years (see, for example, Refs. 8-10). The
main benefits are that there are no dynamics in the com-
pensator and there are fewer feedback loops. There are, how-
ever, inherent problems with output feedback in linear systems
that are also present when applied to VSS. For example, it
may not be possible to stabilize a system with a given set of
outputs using static output feedback. Also, output feedback is
generally difficult to design. However, in many cases, the
simplification in implementation far outweighs the difficulties
in design.

The outline of this Note is as follows. Section II contains the
basic considerations of output feedback in VSS. Section III
discusses two design procedures. An example illustrating the
technique is given in Sec. IV, and the conclusions are given
in Sec. V.

II. Output Feedback in VSS
The system under consideration is time-invariant and can be

represented in the following form

x=f(x)

y = Cx

(1)

(2)

where x$Rn, u£Rm, y$Rp,/and B satisfy the Lipschitz condi-
tions, and C is a matrix. [For simplicity of notation, f(x) will
be denoted as/, and B(x) will be denoted as B.] The compo-
nents of the control vector u are given as a function of the
output>>, i.e.,

(3)«f(y) ifs/00<0'

where each $•/ is a linear functional, and each uf and nf
satisfies a Lipschitz condition. A sliding mode may occur on
any of the surfaces defined by s/(y) = 0 or along any intersec-
tion of these surfaces. This Note will address the case of
sliding along the surface s(y) = [si,...,sm]T(y) = 0, although
the other cases are easily extracted from this analysis.

Using the equivalent control method,1 the equation of mo-
tion for the system [Eqs. (1) and (2)] in the sliding mode is
given by:

x=f-B(GCB)-lGCf (4)

where s = Gy. Note that Eq. (4) is valid only when 5=0. The
switching function s = Gy is chosen to stabilize the sliding-
mode equation under the constraint that GCB be invertible.
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(This condition is needed for existence and uniqueness of the
solution.1) Thus, for a linear system, CB must have full rank.
An obvious subclass of this type of system is one where each
actuator is collocated with a sensor.

Aside from the condition that GCB be invertible, the choice
of the sliding surface is not as arbitrary as it is with full-state
feedback. The sliding surface in the measurement space (Rp)
is specified by 5- = Gy = 0, i.e., it is the null space of G.
Similarly, the sliding surface viewed in the state space is the
null space of GC. The effect of the output feedback in the
state space is that the orientation of the sliding surface is
restricted and cannot be chosen freely. In particular, the null
space of GC is spanned by n — m n -dimensional vectors,
n -p of which are determined by the null space of C. There-
fore, only p — m spanning vectors may be chosen freely.
Thus, if p = m, the sliding surface and the dynamics of the
sliding mode are predetermined regardless of G. In that case,
the sliding surface is equal to the null space of C. The corre-
sponding sliding-mode equation (4) is

x=f-B(CB)~lCf (5)

If p = n and C has full rank, then the sliding surface and the
dynamics of the sliding mode can be chosen with the same
amount of freedom as in the full-state feedback case. It fol-
lows that since C is invertible, the dimension of the null space
of GC is equal to the dimension of the null space of G.
Defining G' = GC, the sliding-mode equation (4) becomes

x=f-B(G'B)-lG'f (6)

where, as in the state feedback case, G' may be chosen arbi-
trarily, subject only to the constraint that G'B be invertible.
In most applications m<p<n, and so some freedom remains
in choosing the sliding surface, while it remains more restric-
tive than full-state feedback.

The invariance properties of sliding-mode control, which
yield good robustness and disturbance rejection, are directly
achievable with output feedback. It is straightforward to show
that the analysis in Ref. 11 for the invariance properties of
state feedback VSS also applies to output feedback by substi-
tuting s(x) = GCx. Hence, the good robustness and good
disturbance-rejection benefits of VSS are present when the
control is implemented with output feedback.

One of the most common applications of VSS theory is in
linear systems in regular form. The use of output feedback in
such an application is investigated by considering the follow-
ing system:

(7a)

(7b)

(7c)

X2 =

y = CiXi + C2x2

where x2£Rm, u is as given in Eq. (3), and y is the measure-
ment. Assuming sliding to exist on the s = Gy = 0 switching
surface, the sliding-mode equation may be reduced in order to
the following (n - m)-dimensional form.

(8)

(The assumption that GC2 is invertible follows from the re-
quirement that GC2B2 be invertible.) The switching surface
s = Gy - 0 is determined by choosing G to stabilize the re-
duced-order system [Eq. (8)].

III. Design Procedures
The two aspects to design of VSS are selecting the sliding

surface to ensure stability of the sliding mode and selecting the
control components to ensure existence (or reachability) of the
sliding surface. Stability of the sliding mode may not be

achievable with output feedback. This is seen most readily
when the number of outputs equals the number of inputs. In
this case, no control-design parameters exist [see Eq. (5)1, and
so stability depends only on the original system parameters. If
a system cannot be stabilized with a given set of outputs, the
outputs must be changed and/or additional outputs used.
Existence of the sliding surface can be analyzed using state
space methods shown in Ref. 1 where s(x) = GCx. The exis-
tence condition (i.e., local stability of the sliding mode) can be
satisfied by setting u+ and u~ equal to constant values as done
with a bang-bang control. The reaching condition (i.e., global
stability of the sliding surface) is, in general, difficult to
guarantee with output feedback. Descriptions for two design
procedures follow, one for stabilizing the sliding mode and
one for guaranteeing that the reaching condition is met for a
particular class of systems.

The selection of G to stabilize the sliding-mode equation (8)
may be done using standard pole assignment algorithms for
output feedback (e.g., Ref. 10), modified by an additional
constraint equation. Defining A = An, B = A^, C = C\, and
K = (GC2)~1G, Eq. (8) is rewritten as

= (A - BKC)xl (9)

The selection of K to stabilize Eq. (9) represents the standard
linear output feedback problem. The additional constraint is
that there must exist a G such that K = (GC2)~*G. A necessary
and sufficient condition for this is

rank [C2K-I]<p -m (10)

Note that this condition must be met solely if pole placement
algorithms are to be used. If only stabilization is desired, the
conditions are less restrictive.

The following design procedure for output feedback guar-
antees that the reaching condition is met for a general class
of linear systems. Consider the general time-invariant linear
system:

x = Ax + Bu

y = Cx

The control u is chosen as

u = -(GCB)-lGCANy-(GCB)- II* II2

(Ha)

(lib)

(12)

where s = Gy. This control law is a modification of a state
feedback control law proposed by DeCarlo et al.12 The reach-
ing condition is met if sTs<0 for all x.1 The following expres-
sion for STS can be obtained:

STS = xTCTGTGCA (I - NC)x - s's
(13)

If N can be chosen such that the following condition is satisfied

CTGTGCA (I - NC) < 0 (14)

(i.e., the matrix is negative semidefinite), then STS< -1 so
that the reaching condition is met. The general class of systems
for which this control law guarantees that the reaching condi-
tion is met is any linear system for which an TV exists satisfying
Eq. (14). For ease of design, if CTGTGCA < 0, then N = 0 is
sufficient. However, TV influences the time to reach the sliding
surface and may be chosen accordingly.

For practical reasons, it is desirable to limit the control
authority in Eq. (12) since as s-*0, w — ±00. Hence, the
following control law is proposed:

u = ~(GCB)-lGCANy-(GCB)-l8(s) (15)
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where

~sat(si/\\s\\2)'
sai(s2/\\s\\2) z>at

\z\ <dsatfe) =

sat(sOT/Is II2)

and each 0/>0. If the condition in Eq. (14) is satisfied, then

(16)

When Ibll is large, g(s) does not saturate and STS< -1.
However, when \\s II is small

s s< — 2^di Is1/1 < 0 (17)
1 = 1

Again, the reaching condition is met, insuring that the sliding
surface is globally stable.

IV. Example
An example of output feedback in VSS follows for a lin-

earized model of the longitudinal dynamics of an aircraft. The
states are the angle of attack a, pitch rate q, and elevator angle
5e9 and the control input u is the command to the elevator.
The system is given by:

-0.277 1 -0.0002
-17.1 -0.178 -12.2

6 0 -6.67

0
0

6.67
"(18)

The measurements are chosen to be pitch rate and elevator
angle; the latter is chosen for collocation of sensor and actua-
tor. Hence, the measurement vector y is defined as

y = .O o i (19)

This system is easily put into regular form [Eqs. (7)] by defin-
ing Xi = [ex q]T and x2 = de, and identifying the parameter
matrices from Eqs. (18) and (19) as

[" -0.277 1 1 _ [ -0.0002]
A"-[ -17.! -0.178J' Al2~[ -12.2 J

0], A22 =[-6.67], =[6.67]

(20)

The switching surface is selected as follows, using the pole
assignment technique discussed previously. The system is put
into the form of Eq. (9) where A' = [fci,&2]. The constraint in
Eq. (10) requires that

rank r-i o i
L*l *2-lJ

;1 (21)

Hence, k2 - 1. Because of the structure of the matrices in Eq.
(9), only ki affects the eigenvalues, and so the constraint on k2
puts no additional restriction on the placement of the eigen-
values. It is found that a choice of A' = [-0.4635,1] places the
eigenvalues at

u = -3.06±3.06y (22)

Solving for G yields G = [-0.4635, 1]. Note that arbitrary
pole placement is not possible, as only a single design parame-
ter ki exists.

The control is chosen in the form of Eq. (15) (where
B = [tfBZ]7 and C = [Q C2]) to insure global stability of the
sliding surface. For this system, CTGTGCA is negative
semidefinite, and so TV is chosen to be 0. Hence, the control is
of the form

u = -(GCB)~lg(s) (23)

where

C 3.34,
js/\s\2,
L-3.34,

s/\s\2>3.34
l/\s\ <3.34

s/lsl2<-3.34

The saturation is chosen so that the command to the elevator
angle is limited to \u I < 0.5.

The time response of the system subject to an initial condi-
tion of [0 2 0]r is shown for a and q in Figs. 1 and 2,
respectively. Sliding occurs at approximately t = 0.28 s, i.e.,

0.00 0.50 1.00 1.50

Time (sec)
Fig. 1 Angle of attack vs time.

2.00

o

o

0.00 0.50 1.00 1.50

Time (sec)
Fig. 2 Pitch rate vs time.

2.00
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D>
C
o

o
0>

switching surface, /
s = 0 ^

t = 0.28 sec

i = 0.0

2.00

Fig. 3

-2.00 -1.00 0.00 1.00

Pitch rate, q
Elevator angle vs pitch rate, trajectory in measurement space.

s — 0 at this time. It should be noted that once sliding has
occurred, the system behaves with second-order dynamics
having eigenvalues specified by Eq. (22). In the sliding mode,
the third state de is simply given by a linear combination of a
and q. Since s = GC&i + GC2x2 = 0,

5e= -(GC2)-1GC]••[;]=»•0.4635# (24)

In Fig. 3, the system trajectory is plotted in the measurement
space y2 vs y\. The trajectory is seen to converge to the line
Gy = 0, shown dashed in the figure.

V. Conclusions
In this Note, output feedback has been successfully applied

to variable structure systems. The method allows one to use
sliding-mode control theory on systems for which full-state
feedback or estimated state feedback is not possible or not
desirable. Output feedback allows for much simpler imple-
mentation, while at the same time providing good robustness
to disturbance and plant uncertainty. Like output feedback in
linear systems, it is seen that output feedback in variable
structure systems is somewhat more restrictive and is harder to
design than estimated state feedback with an asymptotic ob-
server. It is also more sensitive to noise due to the direct link
to the measurements. The ease of implementation, though,
makes output feedback a viable alternative to either state
feedback or estimated state feedback for many practical appli-
cations of variable structure systems.
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Dynamics of a Rotationally
Accelerated Beam
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Introduction

FLEXIBLE elements in non-steady-state rotation fre-
quently constitute an important part of a larger mecha-

nism. For example, a key area of research in robotics is the
design of lightweight manipulators having quick response with
modest energy input and whose dynamic response is not sig-
nificantly affected by structural flexibility.

The work presented herein addresses the problem of finding
the total displacement (that due to rigid-body motion plus
flexibility effects) of a cantilevered beam subject to an arbi-
trary driving torque. The problem is formulated in a nondi-
mensional manner and, thus, the solution is general. The
results for a harmonic-applied torque are given explicitly in
order to provide the basis for a Fourier synthesis of a more
general torque expression.

Algorithms for analyzing the behavior of a cantilever beam
built into a rigid base that performs specified motions in three
dimensions have been developed by Kane et al.1 Their paper
also contains a bibliography of the extensive literature in this
research area. In the context of robot dynamics the control of
the beam dynamics has been investigated by, for example,
Cannon and Schmitz,2 Chassiakos and Bekey,3 Hastings and
Book,4 and Rakhsha and Goldenberg.5 In addition, Sakawa et
al.6 investigate the problem of a flexible arm rotated by a
motor about an axis through the arm's fixed end. Several
satisfactory experimental results are given. In the context of
flexible space structures the control problem is addressed in a
forthcoming paper by Wie and Bryson.7 Their work was made
known to the authors after the present paper had been com-
pleted and submitted for publication.
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